This paper presents a method for on-line simulation of 2D resonators with reduced direction-dependent frequency error. The use of a compact implicit finite difference (FD) technique is proposed to reduce the dispersion error remarkably. In particular, a computationally efficient method that allows solving 2D implicit problems with a set of three-diagonal equations, namely the alternating direction implicit is discussed. Efficient equation factorisation together with optimally matched free parameters allows more accurate simulation for wider frequency ranges. With the use of this technique, the dispersion error is limited to 1. 1% within the bandwidth up to half of the Nyquist frequency. The compact implicit scheme is compared to compact explicit FD schemes in terms of numerical dispersion error, membrane impulse response, and computational cost.
INTRODUCTION
Simulation ofvibrating systems such as membranes and plates requires numerically solving the two-dimensional wave equation, for which finite difference methods can be used [1] . These methods are also suited for three-dimensional room auralisation purposes [2] . In reality, the sound wave propagation speed in such resonators is independent of propagation direction. An unwanted side effect of using numerical finite difference (FD) schemes is that they introduce a directiondependent dispersion error. In the original rectangular twodimensional digital waveguide mesh (DWG), which is mathematically equivalent to a compact explicit FD scheme, this error is particularly severe in axial directions [3] . In order to make the error of the rectangular mesh homogeneous in all directions, interpolation techniques have been introduced [4] , which make the dispersion error nearly direction-independent This research has been supported by the European Social Fund.
[5]. However, a significant frequency-dependent dispersion error remains. In order to compensate for the directionally independent dispersion error, Savioja and Valimaki introduced a frequency warping technique [6] , with which the remaining maximum dispersion error of the interpolated digital waveguide mesh (IDWM) is reduced to 1.2% [5] . However, the main disadvantage of the frequency warping technique is that pre-and post-processing has to be executed off-line, which makes this method unsuitable for on-line applications. An online frequency warping technique has been treated in [7] for a triangular mesh, but this approach brings about the necessity of increasing the sampling frequency and low-pass filtering of the output signal. Another approach relies on adding a reactive load to each grid point [8] .
The aim of this paper is to propose the use of an FD method with significantly reduced frequency error without much increase in computational cost, which would be suitable for on-line simulations. Consequently, such an FD method would be applicable to interactive applications.
COMPACT IMPLICIT FINITE DIFFERENCE SCHEMES
Many higher-order accuracy FD schemes are difficult to design mainly due to ensuring stability near boundaries and low operation count. In particular, 'higher-order large star systems' rely on looking at neighbouring nodes more distant from an update point; therefore these systems are inconvenient due to complicated update formulae near boundaries [9] . In order to reduce the numerical error, the use of a compact implicit method is proposed, as it achieves the highest order of accuracy on the smallest mesh system [9] . The compact implicit approximation to the wave equation relies on updating the node data based on both the neighbouring points in time and space domain, as shown in Figure l( (4) Example values of free parameters are given in Table 1 . For a = 0, an explicit scheme results. The standard rectilinear scheme, which is equivalent to the digital waveguide mesh, is obtained when both free parameters are set to zero, which leads to the stencil illustrated in Figure l [13] as presented in Table 1 , for which fourth-order accuracy in both time and space domain is obtained [9] . In comparison, compact explicit schemes can be at the most second-order accurate in both time and space domain. For example, this is the case for the interpolated digital waveguide mesh.
ALTERNATING DIRECTION IMPLICIT METHOD
Multi-dimensional compact implicit methods approximating the wave equation require solving a difference equation at the advanced time level. To address this issue, alternating direction implicit (ADI) methods have been introduced [14] , which rely on solving a set of three-diagonal equations. The problem of inverting a matrix is then reduced to a succession of many one-dimensional problems by factorising the scheme [9] . A computationally efficient splitting has been proposed in [10] (1 + a62)Un f =2a +-, = 2-4a +-(1-2b). Figure 2 . The standard rectilinear scheme suffers from a directionally dependent dispersion error with a maximum of 5.5% in axial directions at half the Nyquist frequency (which corresponds to = 0.5). Figure 2(c) shows that the dispersion error for the compact implicit FD scheme does not exceed 1.10%, which is significantly better when compared to the interpolated digital waveguide mesh, for which the maximum dispersion error amounts to 12%, as illustrated in Figure 2(b) . The terpolated digital waveguide mesh would requir( higher sample rate, which would result in a nine grid and a three times the number of samples to Consequently, the number of arithmetic operati crease twenty seven times and nine times more l tions would be needed. A more efficient appro to double the sample rate in a standard rectiline, which would result in a four times denser grid number of samples. Hence the numerical ope would increase eight times, and four times mor cations would be necessary. Therefore, the con FD technique proves to be efficient in terms of c resources required for on-line simulations.
CONCLUSION
The compact implicit FD method with optimi choice allows remarkable reduction of the dis The operation count of compact explicit FD schc but in order to achieve the same maximum dispe to half Nyquist, these schemes would have to t least twice the sample rate, which would mak putationally more expensive. While the interp waveguide mesh requires off-line processing to reduce the dispersion error, the compact implicit scheme offers an efficient method for on-line applications.
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